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ABSTRACT
In this paper, we propose a unified version for survival models that includes zero-
inflation and cure rate proportions, and allows different distributions for the un-
known competitive causes. Our model has as particular cases several usual cure rate
survival models.
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1. Introduction
Usual survival models may accommodate long-term proportion (or cure-rate), repre-
senting a group of subjects which do not present the event of interest, even after a long
follow-up. Perhaps the most popular cure-rate models are the mixture cure-rate model
proposed by Berkson and Gage [1] and the promotion cure-rate model model [3]. And,
more recently, an unified approach for cure-rate survival models was proposed [8].
Although it is usual the survival models assume that the variable time should be
greater than zero, there is a diversity of phenomena in which we can find a considerable
proportion of individuals with times equal to zero, which affects the survival curve
by deflating its initial value to values smaller than 1. Statistically speaking, such
peculiarity is the so called zero-inflation [2, 4, 6].
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Therefore, it is important that survival models include the two features described
above: zero-inflation and cure-rate. To the best of our knowledge, there are just two
proposed models for continuous lifetime datasets with values equal to zero and cure
rate [4, 6]. The first one is the standard mixture ZICR model [6], which generalizes
the mixture cure-rate model[1]. The second one is the promotion ZICR model, which
generalizes the promotion cure-rate model [3].
In this paper, we propose a unified version for survival models, heraafter the unified
ZICR model, that includes the zero-inflation and cure-rate proportions for a general
class of failure causes as discussed in Rodrigues et. al [8].
2. Methodology
We firstly consider Zi (i = 1, 2, . . . .) as the time-to-event due to the i-th competitive
risk. Moreover, we define N as a random variable with a discrete distribution pn =
P (N = n), n = 0, 1, 2, . . .. In order to account the individuals that are not susceptible
to the event of interest, the lifetime is defined as Y = min(Z1, Z2, · · · , ZN ), where
P [Z0 = ∞] = 1, this leads to a proportion p0 of the population be not susceptible to
the event interest. Additionally, according to [5], let an be a real number sequence.
If for s ∈ [0, 1], A(s) = a0 + a1s + a2s
2 + · · · converges, then A(s) is defined as the
generating function of the sequence {an}. Then, [8], proposed that given a proper
survival function, S(y), the survival function of the random variable Y is given by
Sp(y) = A(S(y)) =
∑
∞
n=0 pn {S(y)}
n , where A(·) is the generating function of the
sequence {pn} and converges if 0 ≤ S(y) ≤ 1.
The standard survival models suppose that Zi, i = 1, . . . , n, is a non-negative ran-
dom variable. However, as we described above, some recent studies need to account
for zero initial failures. Then, let us define, Wi = (Zi > y ∪ Zi = 0). The survival
function of the random variable W is given by P (W ≥ z) = (1 − c), if z = 0 and
P (W ≥ z) = (1− c)P (Z > z), if z > 0, where c is related to the zero inflation.
Moreover, if for s ∈ [0, 1], A∗(S(y)) = a0 + (a1 − b1)S(y) + (a2 − b2)S(y)
2 + · · · =
A(S(y))−
∑
∞
m=1 bm(S(y)
m), where A(·) and
∑
∞
m=1 bm(S(n)
m) converges if 0 ≤ S(y) ≤
1.
Based on A∗(S(y)) and following the definitions of [5] and [8], the survival function
of the unified zero-inflated cure-rate (ZICR) model, Szp(y), is defined as follows
Szp(y) = A
∗(S(y)) =
∞∑
m=0
am {S(y)}
m −
∞∑
m=1
bm {S(y)}
m
= A(S(y))−
∞∑
m=1
bm(S(n)
m),
(1)
2
where S(y), the survival function of the random variable Y, is a proper survival func-
tion, and A(·) and
∑
∞
m=1 bm(S(n)
m) converges if 0 ≤ S(y) ≤ 1.
The unified ZICR model (1) generalizes a variety of survival models with and
without zero-inflation. The two ZICR models already proposed by [6] and [4] are
examples of its particular cases. If a = am = p and b = bm = c × p we have that
A∗p(s) = (1 − c)E[s
M ], which is the probability generating function of zero-inflated
models.
Considering presence of censored data, the maximum likelihood estimators for the
parameters of the unified model is defined supposing that the ith individual has a
lifetime Ti and a censoring time Ci, moreover the random censoring times Cis are
independent of Tis and that their distribution does not depend on the parameters,
then the data set is D = (yi, δi), where yi = min(Ti, Ci) and δi = I(Ti ≤ Ci). The
maximum likelihood (ML) estimation for the parameter vector Θ can be implemented
from the numerical maximization of the log-likelihood function. For large samples,
approximated confidence intervals can be constructed for the individual parameters
Θi, i = 1, . . . , k, assuming a confidence coefficient of 100(1 − α)%.
We evaluate the finite sample performance of parameter estimates of the ZICR
model via simulation. The performance of the estimators were analysed by computing
their bias and the root of mean square errors (RMSE). The results indicate that both
bias and RMSE are closer to zero and the empirical coverage probabilities are closer
to the nominal coverage level when sample size increases, such results are expected
if the underlying estimation scheme is working correctly to produce consistent and
asymptotically normal estimates.
3. Application
We consider a fictitious data based on a cohort study of women giving birth in health
facilities described in [7]. Concerning the duration of labor (i.e., the time between
hospital admission and vaginal birth), three different women groups can be observed:
women who arrive at the hospital already having had a stillbirth (fetal death); women
that may not undergo vaginal birth because of an intervention (caesarean section, for
example); and women that undergo vaginal birth without fetal death or intervention.
The lifetime for women in Group 1 is equal to zero, since it is not possible to
observe the duration of labor, the lifetime for women in the second group is positive,
but incomplete (censored), since a intervention changes the natural labor pattern, and
women in Group 3 present the complete duration of labor. Therefore, in this data,
the zero inflation reflects the proportion of women who presented fetal death. While
the cure-rate represents those women who, even after a long time, do not undergo
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vaginal birth. The dataset contains labor times of pregnant women, which were selected
according to clinical characteristics of interest.
We fit some particular cases of the unified model: standard mixture ZICR model,
promotion ZICR mode, ZICR-NB and ZICR-Geo, where NB and Geo stand to
negative-binomial and geometric distributions, respectively. To fit the ZICR-NB
model, we assume that η = 0.5. As the baseline distribution, we choose the Log-
Normal with location and scale parameters µ ∈ (−∞,∞) and σ > 0, respectively. The
Log-Normal distribution is very popular in the medical field and was already used
in the childbirth context [9]. The Akaike Criterion (AIC) for the standard mixture
ZICR model, promotion ZICR mode, ZICR-NB and ZICR-Geo is given by 30772.63,
30773.29, 30770.76, and 30767.35, respectively. It follows that the ZICR-Geo presents
the best fit to the data. The estimate of zero inflation and cure rate in this model
are 4.544% and 1.759%, respectively. We calculated the estimated survivals for 0,6,12
and 18 hours from the ZICR-Geo model. At admission 96.52% of women still have the
possibility of vaginal delivery. This value decreases to 63.47% in 6 hours, 35.65% in 12
hours and 24.87% in 18 hours.These values can help managers estimate which percent-
age of women can still have a vaginal delivery according to the time after admission
to the hospital.
4. Final remarks
In this paper we present a unified approach for survival models, considering two impor-
tant features: zero-inflation and cure rate. The main advantage of this methodology
is to guarantee great flexibility for modelling survival data. Using this model, the
researcher can consider different probability distributions for the lifetime of the sus-
ceptible individuals. Different distributions can also be considered for the competitive
causes associated with the occurrence of the event of interest. Moreover, our model
generalizes other recent proposed models as the unified cure-rate models [8], and the
mixture and promotion ZICR models [4, 6]. The popular mixture cure model [1] and
the promotion cure model [3] are also particular cases of the model proposed in this
paper.
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